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Abstract
Gluon production on two scattering centers is studied in the formalism of reggeized gluons. Differ-
ent contributions to the inclusive cross-section are derived with the help of the Lipatov effective action.
The AGK relations between these contributions are established. The found inclusive cross-section is
compared to the one in the dipole picture and demonstrated to be the same.
1 Introduction
One of the basic processes in high-energy collisions is the inclusive gluon production off heavy nuclear
targets. At high energies, in the QCD with a large number of colours Nc → ∞ it can be studied
either in the interacting reggeized gluon approach [1, 2, 3] or, alternatively, in the framework of the
dipole picture (or equivalent JIMWLK approach with certain approximations) in which the interacting
hadrons are presented in terms of colour dipoles with their density evolving in rapidity [4]. The two
approaches seem to be based on different pictures and approximations and it is vitally important to
understand if they are completely equivalent or have some significant differences. It is well-known
that the total cross-section for the dipole-dipole scattering turns out to be identical in the reggeized
gluons and evolving dipoles pictures, both approaches leading to the same BFKL equation, although
in different spaces, momentum or coordinate ones. The situation with the inclusive gluon production
turned out to be more complicated. In particular in [3] it was advocated that this cross-section
off two centers found in the framework of the dipole approach in [4] is not complete and has to
be supplemented by new terms involving states composed of three and four reggeized gluons (the
so-called BKP states [5, 6]). On the other hand in [7] it was shown that, at least in lowest orders,
contributions from such states in fact cancel, so that one is left with exactly the cross-section obtained
in the dipole approach. It should be stressed however that this conclusion was found in the purely
transversal approach in which it the validity of the standard AGK relations [8] for different cuts of
the scattering amplitude was assumed without proof. To finally compare the reggeized gluon and
dipole approaches one has to study contributions from all different cuts and check the validity of
the mentioned AGK rules. This cannot be done in the purely transverse approach used in [1, 2, 7]
(nor in the dipole approach) but requires knowledge of the amplitude as a function of its longitudinal
momenta. This information is trivial for production on a single scattering center in the target. But it
becomes considerably more complicated when the target involves two or more centers.
To study the inclusive gluon production taking into account the dependence of the relevant ampli-
tudes on the longitudinal momenta we use the Lipatov effective action [9], which provides a powerful
and constructive technique for the calculation of all Feynman diagrams in the Regge kinematics.
To understand our derivation it is instructive to first visualize the elastic amplitude for the scatter-
ing off the nuclear target in the reggeized gluon technique, which, as mentioned is completely equivalent
to the dipole picture. The bulk of the amplitude can then be presented in terms of pomerons prop-
agating from the projectile to many nucleons of the target each one splitting in two with a certain
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known triple pomeron vertex (pomeron fan diagrams). These diagrams are to be supplemented by
simpler ones with less pomerons, which contribution corresponds to the glauberized initial condition
for the dipole-nucleus amplitude in the dipole formalism. These two parts are shown in Fig. 1 for the
scattering on two centers.
Figure 1: Diagrams for the total cross-section on two centers.
To calculate the inclusive cross-section one has to fix a real intermediate gluon either inside the
initial pomeron or inside the triple pomeron vertex. The contribution from the real gluons inside the
pomerons after splitting is absent due to trivial AGK cancellations. So the inclusive cross-section
actually consists of three parts: emission from the initial pomeron before all splittings, emission from
the triple pomeron vertex (Fig. 1, the first diagram) and emission from the pomeron directly coupled
to the targets (Fig. 1, the second diagram). These three parts are illustrated in Fig. 2. Emission from
the pomeron chain is well understood and has the same form in the reggeized gluon picture and the
dipole model. Thus the comparison of both approaches is reduced to calculation of the contribution
from the triple pomeron vertex. Since the latter does not involve evolution and so contains only one
intermediate gluon this comparison can be made in the lowest order in the coupling constant and
moreover for any choice of the projectile and targets. This allows to simplify the problem and reduce
it to calculation of the inclusive cross-section on only two centers in the lowest order with the projectile
and two targets chosen as quarks. This calculation constitutes the subject of our paper.
Figure 2: Diagrams for the inclusive cross-section on two centers.
Note that one can additionally draw diagrams with consecutive splitting of the initial pomeron
into first three and afterwards four reggeized gluons, as shown in Fig. 3. As was shown long ago,
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their contribution in fact reduces to that of the diagrams in Fig. 1 with the effective 3-pomeron
vertex [10]. However, there remained a question whether such a reduction worked for the inclusive
cross-sections. Precisely this problem was discussed in [3]. As mentioned above in [7] in the lowest
non-trivial (next-to-leading) order it was shown that diagrams of the type depicted in Fig. 3 give no
new contributions. In the dipole approach this result is valid at all orders [4]. For this reason we do
not consider such diagrams.
Figure 3: Diagram with consecutive splitting of the initial pomeron.
As mentioned the important tool in our calculation is the Lipatov effective action which allows to
calculate the vertices for transition of a reggeized gluon (”reggeon” (R)) into one, two or three reggeons
with emission of a real gluon (”particle” (P)), that is transitions R→RP, R→RRP, R→RRRP. While
the R→RP (”Lipatov”) vertex has been known since long ago, the required R→RRP and R→RRRP
vertices were recently calculated in papers [11] and [12] respectively. A remarkable result derived
in [13] for the R→RRP vertex, and in [12] for the R→RRRP is that the 4 dimensional amplitudes
calculated with the help of the effective action can be obtained from the purely transverse picture
with real intermediate particles (quarks and gluons) carrying the standard Feynman propagators (see
[14] for details). This technique will be the main instrument in our calculations of the inclusive
cross-section.
We have also to mention that a part of the inclusive cross-section corresponding to the intermediate
states with real quarks from both of the targets (see Fig. 4) has already been calculated in [14]. So in
this paper we calculate the rest of the contributions: the diffractive one (D) and that with only one of
the target quarks appearing as real in the intermediate states (”single cut” (SC)). After summing all
the contributions we compare the result with the dipole picture. Our conclusion is that the inclusive
cross-section for gluon production is the same in both approaches.
Figure 4: Typical diagrams for the inclusive cross-section on two centers with both target quarks in
the intermediate states.
The paper is organized as follows. Sections 2 and 3 are devoted to the calculations of SC and D
contributions, respectively. In Section 4 we sum all the contribution to find the final expression for
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the inclusive cross-section and compare our result with the one in the dipole model in the same order
to establish their identity. Finally we present our conclusions in the last section. Our appendices
serve to establish correspondence of our diagrams with the cross-section and recall the derivation of
the inclusive cross-section for gluon production from the BFKL chain.
2 ”Single cut” contribution
2.1 General notation
1 2
kk
p
l1
l2
k′
l′
1
l′
2
p
q2 q3 q1
Figure 5: Diagrams of the ”single cut” contribution.
We consider the imaginary part of the amplitude for production of a gluon p in the collision of the
projectile quark with equal initial and final momenta k with two target quarks with initial momenta
l1 = l2 = l and final momenta l
′
1, l
′
2, l
′
1 + l
′
2 = l1 + l2 (see Fig. 5,1). We denote k
′ = k − q the
intermediate quark momentum. The momentum transferred to the targets is λ = l′1 − l1 = l2 − l′2. To
the total result one has to add the complex conjugated contribution corresponding to Fig. 5,2 and a
similar amplitude with the exchanged targets l1 and l2. The latter gives the same contribution and so
can be dropped for the imaginary part which is one half of the discontinuity.
The general Regge kinematics with the emitted gluon momentum p in the central region is defined
by the following relations:
k+ >> p+ ≈ q+ >> q1,2,3+ ∼ l1,2+ ∼ l′1,2+ ,
l1,2− ∼ l′1,2− >> q1,2,3− ∼ p− >> q− ∼ k− , (1)
whereas all transverse components are implied to be of the same order much smaller than the largest
longitudinal components. As shown in Appendix 1, the leading contribution to the production on
two targets from the heavy nucleus is determined only by the delta-functional singularity at 2(kλ) =√
sλ− = 0 with λ+ = 0, λ⊥ = 0. We work in the c.m. system where
k+ =
√
s, k− = 0, l− =
√
s, l+ = 0, k⊥ = l⊥ = 0; s = (k + l)
2 . (2)
In the Regge approximation one have to neglect all transverse components of momenta compared
to large longitudinal ones. The relative order of components of different momenta was considered in
[14] and it was found that one has to neglect also the component p− (which equals −p2⊥/p+ for real
gluon) compared to λ− before separating out the terms singular in the point λ− = 0. These rules are
equivalent to taking the limit k+, p+ →∞, k+ >> p+.
The gluon production amplitude with three reggeons attached to the targets (the filled blob on
the right side of the cut in Fig. 5,1) was found in [12] as a sum of three terms:
−g4γ+fdb3a
[
k2+ · T dT b2T b1
((k − q1 − q2)2 + i0)((k − q1)2 + i0) +
k2+ · T b1T dT b2
((k′ + q1)2 + i0)((k − q2)2 + i0)
4
+
k2+ · T b2T b1T d
((k′ + q2)2 + i0)((k′ + q1 + q2)2 + i0)
]
L(p, q3) + P (3)
and
g4γ+f
db3a q+B(p, q3, q2)
(q − q1 − q2)2 + i0
[
k+ · if cb2dT cT b1
(k − q1)2 + i0 +
k+ · if cb2dT b1T c
(k′ + q1)2 + i0
]
+ P (4)
and
g4γ+T
bf bb1cf cb2dfdb3a
q2+B(p, q3 + q2, q1)
((q − q1)2 + i0)((q − q1 − q2)2 + i0) + P (5)
with the common factor 8/q21⊥q
2
2⊥q
2
3⊥. Here P means permutations of q1, q2, q3 and b1, b2, b3.
L(p, q) =
(pǫ⊥)
p2
⊥
− (p+ q, ǫ⊥)
(p + q)2
⊥
(6)
and
B(p, q2, q1) = L(p + q2, q1) =
(p + q2, ǫ⊥)
(p+ q2)
2
⊥
− (p + q2 + q1, ǫ⊥)
(p+ q2 + q1)
2
⊥
(7)
are, respectively, the Lipatov vertex which describes gluon production from a reggeon and the Bartels
vertex which describes gluon production from a reggeon splitting to two or three reggeons.
The conjugated amplitude on the left side of the cut in Fig. 5,1 is
− ig3[u¯(k)γ+u(k′)] · [u¯(l′2)γ−u(l′′2)]
f b
′b4aT b
′
L(p, q2)
q22⊥
. (8)
Diagrams for ”single cut” contribution are shown in Figs. 6-8. The notation of momenta is as
follows. The target interacting with two reggeons (uncut line) has the momentum l1, the correspondent
reggeon momentum flowing into the right interaction vertex is denoted q1 for all cases and q3 is the
momentum flowing into the left vertex, so that q1 + q3 = l
′
1 − l1 = λ. The other target (cut line) has
the momentum l2, it interacts with the reggeon q2 on the right side of the cut and with the reggeon
q′2 = q − p on the left side (Diagram Fig. 5,1 presents the momentum flow). From the conservation
law q′2 = q − p = q2 + l2 − l′2 = q2 + λ the relation q′2⊥ = q2⊥ follows (used in (8)). Reggeons with
momenta q1, q2, q3 are labeled as 1,2,3 in Figs. 6-8, the correspondent color indices are denoted as b1,
b2, b3, respectively.
To invoke the overall colorless exchange we assume that the color structure of the diagrams corre-
sponds to interaction with quark loops. Closing of quark loops also implied for the spinor structure,
although we do not perform loop momentum integration. Thus for all diagrams we have the color
factor for the target quark lines (both cut and uncut) tr(T bT b
′
)/Nc = δ
bb′/2Nc. Here factor 1/Nc com-
pensates the sum over Nc colors. The rest color factors are different and will be calculated separately
for each diagram.
For the spinor factors we sum over spins of intermediate quark states and take an average over
spins of the initial and the final quark states. So for the projectile quark we have (here and below we
use the Regge approximation neglecting small components of momenta)
1
2
∑
σ
u¯σ(k)γ+ · (kˆ − qˆ) · γ+uσ(k) = 1
2
tr(γ+(kˆ − qˆ)γ+kˆ) ≈ 4k2+ , (9)
for the uncut target quark line:
1
2
∑
σ
u¯σ(l
′
1)
iγ−
2
lˆ1 + qˆ1
l1− + q1−
iγ−
2
uσ(l1) ≈ −l1− = −l− (10)
and for the cut one:
1
2
∑
σ
u¯σ(l
′
2)γ− · (lˆ2 + qˆ2) ·
iγ−
2
uσ(l2) ≈ 2il22− = 2il2− . (11)
These factors are common for all diagrams of this Section. The common order in the coupling constant
is g10.
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2.2 Calculation of integrals over longitudinal variables
With our notation, momenta q1 and q2 are independent and can be chosen as variables of integration.
Using the conservation law q = p+q2+λ and mass-shell conditions for cut quark lines we can integrate
over two of four longitudinal components (factors 1/2 are from our normalization of longitudinal
components q± = q0 ± qz): ∫
d4q1
(2π)4
∫
d4q2
(2π)4
2πδ((k − q)2) · 2πδ((l2 + q2)2)
=
1
2k+l2−
∫
dq1+dq1−
2(2π)2
∫
d2q1⊥d
2q2⊥
(2π)4
. (12)
Due to the Regge kinematics (1) in what follows we have to neglect momentum components
q− = p− + q2− + λ− = − q
2
⊥
k+ − q+ (13)
and
q2+ = −l2+ − q
2
2⊥
l2− + q2−
. (14)
Calculation of integrals over the remaining longitudinal components can be carried out in a general
form. For all diagrams considered in this and the following sections with our notation of reggeon
momenta the momentum of the virtual target quark interacting with two reggeons is always l1 + q1.
As argued in [13], the propagator of the fast moving target quark in the Lipatov effective theory is
not
i
lˆ1 + qˆ1
(l1 + q1)2 + i0
, (15)
but is reduced to its delta-functional part
i(lˆ1 + qˆ1) (−iπ)δ((l1 + q1)2) = lˆ1 + qˆ1
l1− + q1−
πδ(q1+) (16)
where we used l1+ = 0 and l1− >> |q1⊥|. Then the common integral with two propagators has the
form
I2(p1) =
∫
dq1−dq1+
2(2π)2
1
(p1 − q1)2 + i0 πδ(q1+)
=
1
4
∫
dq1−
2π
1
(p1− − q1−)p1+ + (p1 − q1)2⊥ + i0
. (17)
Neglecting the transverse part and splitting the integrand into the principal value part and δ-function
we get
I2(p1) ≈ −i
8|p1+| . (18)
The common integral with three propagators has the general form
I3(p1, p2) =
∫
dq1−dq1+
2(2π)2
1
((p1 − q1)2 + i0)((p2 + q1)2 + i0) πδ(q1+)
≈ −i
4p1+p2+
· sign(p1+)
p1− + p2− + i0 · sign(p1+) , (19)
when p1+p2+ > 0, and turns to zero, when p1+p2+ < 0.
After integration over longitudinal components we are left with the integral over transverse com-
ponents ∫
d2q1⊥d
2q2⊥
(2π)4
1
(q21⊥q
2
2⊥)
2
. (20)
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This integration is always implied in final results and will be suppressed in the following together with
the common factor
(−i)8g10 4k
2
+(−l1−)2il22−
2k+l2−
L(p, q2) = −32g10k+l1−l2−L(p, q2) = −32g10s
√
sL(p, q2) . (21)
2.3 Calculation of diagrams from Fig. 6
Diagrams with gluon production from the R→RP (Lipatov) vertex, corresponding to the part (3) of
the amplitude, are shown in Fig. 6.
For the momentum factor of the diagram 1 from Fig. 6 we get
k2+I2(k)L(p, q2)
(k − q1 − q3)2 + i0 = i
L(p, q2)
8(λ− − i0) . (22)
The momentum factor for diagram 2 from Fig. 6 is
k2+I2(λ− k)L(p, q2)
(k − λ)2 + i0 = i
L(p, q2)
8(λ− − i0) . (23)
The color structure of diagram 1 from Fig. 6 is
1
4N3c
f b
′b2a · tr(T b′T dT b1T b1)fdb2a = 1
4N2c
tr(T b
′
T b
′
T b1T b1) =
(N2c − 1)2
16N3c
. (24)
Diagram 2 differs from diagram 1 only by the exchange of reggeons 1 and 3. Since these reggeons with
color indices b1 and b3 form a symmetrical colorless state, the color factor for Diagram 2 from Fig. 6
is the same as for diagram 1.
For the rest diagrams we present a list of results where diagrams are arranged in pairs having a
common color factor.
5,6. The momentum factor for diagram 5 from Fig. 6 is
k2+I2(k − q + λ)L(p, q2)
(k − q + λ)2 + i0 = −i
L(p, q2)
8(λ− + i0)
and for diagram 6 is
k2+I2(q − k)L(p, q2)
(k − q + λ)2 + i0 = −i
L(p, q2)
8(λ− + i0)
,
the common color factor is
1
4N3c
f b
′b2a · tr(T b′T b1T b1T d)fdb2a = (N
2
c − 1)2
16N3c
.
9,10. The momentum factor for diagram 9 from Fig. 6 is
k2+I2(k − q + λ)L(p, q1)
(k − q + p+ λ)2 + i0 = −i
L(p, q1)
8(λ− + i0)
and for diagram 10 is
k2+I2(q − k)L(p, q3)
(k − q + p+ λ)2 + i0 = −i
L(p, q3)
8(λ− + i0)
,
the common color factor is
1
4N3c
f b
′b2a · tr(T b′T b1T dT b2)fdb1a = −N
2
c − 1
32Nc
.
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kp, a p, a
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′
2
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2
2
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3 1
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15 16
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Figure 6: Diagrams with R→RP vertices.
11,12. The momentum factor for diagram 11 from Fig. 6 is
k2+I2(k − p)L(p, q1)
(k − p− λ)2 + i0 = i
L(p, q1)
8(λ− − i0)
and for diagram 12 is
k2+I2(p − k + λ)L(p, q3)
(k − p− λ)2 + i0 = i
L(p, q3)
8(λ− − i0) ,
the common color factor is
1
4N3c
f b
′b2a · tr(T b′T b2T b1T d)fdb1a = N
2
c − 1
32Nc
.
13,14. The momentum factor for diagram 13 from Fig. 6 is
k2+I2(k − q + p+ λ)L(p, q3)
(k − q + p+ λ)2 + i0 = −i
L(p, q3)
8(λ− + i0)
and for diagram 14 is
k2+I2(q − k − p)L(p, q1)
(k − q + p+ λ)2 + i0 = −i
L(p, q1)
8(λ− + i0)
,
the common color factor is
1
4N3c
f b
′b2a · tr(T b′T dT b1T b2)fdb1a = N
2
c − 1
32Nc
.
9
15,16. The momentum factor for diagram 15 from Fig. 6 is
k2+I2(k)L(p, q3)
(k − p− λ)2 + i0 = i
L(p, q3)
8(λ− − i0)
and for diagram 16 is
k2+I2(λ− k)L(p, q1)
(k − p− λ)2 + i0 = i
L(p, q1)
8(λ− − i0) ,
the common color factor is
1
4N3c
f b
′b2a · tr(T b′T b2T dT b1)fdb1a = −N
2
c − 1
32Nc
.
3,4,7,8,17,18. The momentum factor for diagram 3 from Fig. 6 is
k2+I3(k, q − k − λ)L(p, q2) = 0,
because the sign of k+(q − k − λ)+ = −k2+ is negative. For the same reason the momentum factors
are zero for diagrams 4,7,8,17,18 from Fig. 6.
Taking into account the common ”-” sign from (3) we find the total contribution from diagrams
1-6 from Fig. 6:
−(N
2
c − 1)2
16N3c
(
2i
L(p, q2)
8(λ− − i0) − 2i
L(p, q2)
8(λ− + i0)
)
=
(N2c − 1)2
32N3c
L(p, q2) πδ(λ−)
=
(N2c − 1)2
64N3c
L(p, q2)
√
s 2πδ(2kλ), (25)
whereas contributions from diagrams 7-18 cancel completely. Taking into account the complex conju-
gate term doubles this result.
The ”double cut” contribution from diagrams such as in Fig. 4 to the coefficient F of the singularity
Fδ(λz) of the discontinuity, where λz is the z-component in the lab. system, was found in [14] as a
sum of four terms F = F1 + F2 + F3 + F4. Now we prefer to define the singular part as (see Eq. (80)
in Appendix 1)
2πδ(2kλ)F =
2π
k+
δ(λc.m.− )F =
2πm
s
δ(λlab.sys.z )F, (26)
therefore we have to divide the old result by 2πm/s. Also the overall coefficient has to be taken two
times smaller than in [14] since the discontinuity is twice the imaginary part. Then the previously
found contributions can be presented in the following form:
F1 = s
2g10
N2c − 1
Nc
B2(p, q2, q1), F2 = s
2g10
(N2c − 1)2
N3c
L2(p, q1),
F3 = −1
2
s2g10
N2c − 1
Nc
L(p, q1)L(p, q2), F4 = −1
2
s2g10
N2c − 1
Nc
B(p, q2, q1)
(
L(p, q1)− 2L(p, q2)
)
, (27)
where the transverse integration (20) is implied.
Analogously, restoring the common factor (21) we find the new contribution to the coefficient F
of the imaginary part:
F5 = −s2g10 (N
2
c − 1)2
N3c
L2(p, q2). (28)
10
32 1
k
l′
1
l′
2
l1
l2
k
q
q − p q1q2 q3
p, a p, a
l1 + q1
1 2
3 4
2 3 1
132
3 1
13 2
2
5 6
7 8
3 1 2
2
13
32
23 1
1
10
11 12
9
213
2 3 1
Figure 7: Diagrams with R→RRP vertices.
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2.4 Calculation of diagrams from Fig. 7
Diagrams with gluon production from R→RRP (Bartels) vertex, corresponding to the part (4) of the
amplitude, are shown in Fig. 7. Color factors are also coincide for each pair of diagrams which differ
only by the exchange of reggeons 1 and 3.
1,2. The momentum factor for diagram 1 from Fig. 7 is
k+q+I2(k)B(p, q2, q3)
(q − λ)2 + i0 = i
B(p, q2, q3)
8(λ− − i0)
and for diagram 2 is
k+q+I2(λ− k)B(p, q2, q1)
(q − λ)2 + i0 = i
B(p, q2, q1)
8(λ− − i0) ,
the common color factor is
i
4N3c
f b
′b2a · tr(T b′T cT b1)f cb1dfdb2a = −N
2
c − 1
16Nc
.
3,4. The momentum factor for diagram 3 from Fig. 7 is
k+q+I2(q − k)B(p, q2, q3)
(q − λ)2 + i0 = i
B(p, q2, q3)
8(λ− − i0)
and for diagram 4 is
k+q+I2(k − q + λ)B(p, q2, q1)
(q − λ)2 + i0 = i
B(p, q2, q1)
8(λ− − i0) ,
the common color factor is
i
4N3c
f b
′b2a · tr(T b′T b1T c)f cb1dfdb2a = N
2
c − 1
16Nc
.
5,6. The momentum factor for diagram 5 from Fig. 7 is
k+q+I3(k,−p − λ)B(p, q3, q2) = 0,
because the sign of k+(−p− λ)+ = −k+p+ is negative, and also for Diagram 6 is
k+q+I3(λ− k, p)B(p, q1, q2) = 0.
7,8. The momentum factor for diagram 7 from Fig. 7 is
k+q+I3(q − k,−p− λ)B(p, q3, q2) = −iB(p, q3, q2)
4(λ− + i0)
where we have taken into account that k+ >> p+. For diagram 8 the momentum factor is
k+q+I3(k − q + λ, p)B(p, q1, q2) = −iB(p, q1, q2)
4(λ− + i0)
.
The common color factor is
i
4N3c
f b
′b2a · tr(T b′T b1T c)f cb2dfdb1a = N
2
c − 1
32Nc
.
9,10. The momentum factor for diagram 9 from Fig. 7 is
k+q+I2(p+ λ)B(p, q3, q1)
(k − q + p+ λ)2 + i0 = −i
B(p, q3, q1)
8(λ− + i0)
12
and for diagram 10 is
k+q+I2(−p)B(p, q1, q3)
(k − q + p+ λ)2 + i0 = −i
B(p, q1, q3)
8(λ− + i0)
,
the common color factor is
i
4N3c
f b
′b2a · tr(T b′T cT b2)f cb1dfdb1a = −N
2
c − 1
16Nc
.
11,12. The momentum factor for diagram 11 from Fig. 7 is
k+q+I2(p + λ)B(p, q3, q1)
(k − p− λ)2 + i0 = i
B(p, q3, q1)
8(λ− − i0)
and for diagram 12 is
k+q+I2(−p)B(p, q1, q3)
(k − p− λ)2 + i0 = i
B(p, q1, q3)
8(λ− − i0) ,
the common color factor is
i
4N3c
f b
′b2a · tr(T b′T b2T c)f cb1dfdb1a = N
2
c − 1
16Nc
.
The total sum is
i
8
· N
2
c − 1
16Nc
(
−B(p, q3, q2)
λ− + i0
− B(p, q1, q2)
λ− + i0
+
B(p, q3, q1)
λ− + i0
+
B(p, q1, q3)
λ− + i0
+
B(p, q3, q1)
λ− − i0 +
B(p, q1, q3)
λ− − i0
)
=
i
8
· N
2
c − 1
16Nc
(
−B(p, q3, q2) +B(p, q1, q2)
λ− + i0
+ 2 (B(p, q3, q1) +B(p, q1, q3)) · P 1
λ−
)
, (29)
where only diagrams 7-12 contribute. Taking into account the complex conjugate term leaves us with
−N
2
c − 1
32Nc
·B(p, q3, q2) +B(p, q1, q2)
2
πδ(λ−) = −N
2
c − 1
64Nc
·B(p, q3, q2) +B(p, q1, q2)
2
√
s 2πδ(2kλ). (30)
Using the invariance of the transverse integration (20) with respect to changing the variable q1⊥ →
q3⊥ = λ⊥ − q1⊥ = −q1⊥ and restoring the common factor we find the contribution of diagrams from
Fig. 7 to the coefficient F :
F6 =
1
2
s2g10
N2c − 1
Nc
L(p, q2)B(p, q1, q2). (31)
2.5 Calculation of diagrams from Fig. 8
Diagrams with gluon production from R→RRRP vertex, corresponding to the part (5) of the ampli-
tude, are shown in Fig. 8.
1,2. The momentum factor for diagram 1 from Fig. 8 is
q2+I2(p+ λ)B(p, q3 + q1, q2)
(p + λ)2 + i0
= −iB(p, q3 + q1, q2)
8(λ− + i0)
and for diagram 2 is
q2+I2(−p)B(p, q1 + q3, q2)
(p+ λ)2 + i0
= −iB(p, q3 + q1, q2)
8(λ− + i0)
.
The common color factor is
1
4N3c
f b
′b2a · tr(T b′T b)f bb2cf cb1dfdb1a = −N
2
c − 1
8Nc
.
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Figure 8: Diagrams with R→RRRP vertices.
3,4. The momentum factor for diagram 3 from Fig. 8 is
q2+I3(q,−p− λ)B(p, q3 + q2, q1) = 0,
because the sign of q+(−p− λ)+ = −q2+ is negative. Also for diagram 4 the momentum factor is zero:
q2+I3(λ− q, p)B(p, q1 + q2, q3) = 0.
5,6. The momentum factor for diagram 5 from Fig. 8 is
q2+I2(p+ λ)B(p, q2 + q3, q1)
(q − λ)2 + i0 = i
B(p, q2 + q3, q1)
8(λ− − i0)
and for diagram 6 is
q2+I2(−p)B(p, q2 + q1, q3)
(p+ λ)2 + i0
= i
B(p, q2 + q1, q3)
8(λ− − i0) .
The common color factor is
1
4N3c
f b
′b2a · tr(T b′T b)f bb1cf cb1dfdb2a = −N
2
c − 1
8Nc
.
To calculate the total contribution we take into account that
B(p, q3 + q1, q2) =
(p + q3 + q1, ǫ⊥)
(p+ q3 + q1)2⊥
− (p + q3 + q1 + q2, ǫ⊥)
(p+ q3 + q1 + q2)2⊥
≡ L(p, q2) (32)
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and
B(p, q2 + q1, q3) =
(p + q2 + q1, ǫ⊥)
(p+ q2 + q1)
2
⊥
− (p + q2 + q1 + q3, ǫ⊥)
(p+ q2 + q1 + q3)
2
⊥
=
(p+ q2 + q1, ǫ⊥)
(p+ q2 + q1)2⊥
− (p+ q2, ǫ⊥)
(p+ q2)2⊥
≡ −B(p, q2, q1),
B(p, q2 + q3, q1) ≡ −B(p, q2, q3), (33)
since q1⊥ + q3⊥ = λ⊥ = 0. Then we get together with the complex conjugate term
−N
2
c − 1
8Nc
(
−2i L(p, q2)
8(λ− + i0)
+ i
−B(p, q2, q1)−B(p, q2, q3)
8(λ− − i0)
)
+ c.c.
=
N2c − 1
16Nc
(L(p, q2)−B(p, q2, q1))πδ(λ−) = N
2
c − 1
32Nc
(L(p, q2)−B(p, q2, q1))
√
s 2πδ(2kλ), (34)
where the invariance with respect to the change q1⊥ ↔ q3⊥ under the sign of integration (20) is used.
Restoring the common factor (21) we find the contribution of diagrams from Fig. 8 to the coefficient
F as the sum of two terms:
F7 = −s2g10N
2
c − 1
Nc
L2(p, q2) and
F8 = s
2g10
N2c − 1
Nc
L(p, q2)B(p, q2, q1). (35)
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Figure 9: Production amplitude in the diffractive configuration.
3 Diffractive contribution
In this section we calculate the contribution from the diffractive configuration. The corresponding
diagrams are shown in Fig 9. Three more diagrams with exchanged reggeons of momenta q1 and q3
have to be added. Here we denote reggeon momenta q1 and q3 to preserve the kinematical relation
q1 + q3 = λ with q1⊥ + q3⊥ = 0.
The initial formulae for the calculation of the amplitude were obtained in [11, 13]. For all diagrams
from Fig. 9 the propagator (16) of the target quark multiplied by two reggeon propagators and two
reggeon-quark vertices is
iγ−
2
[
i(lˆ1 + qˆ1)(−iπ)δ((l1 + q1)2)
] iγ−
2
· −2i
q21⊥
· −2i
q23⊥
=
γ−
(q21⊥)
2
· 2πδ(q1+). (36)
It produces a spinor factor γ− and a momentum factor which allows us to represent the integral over
longitudinal components of the loop momentum q1 in terms of 2I2 (see (17)).
1. The spinor factor for the projectile quark for diagram 1 from Fig. 9 is
iγ+
2
(ikˆ)
iγ+
2
· (−2i) = −k+γ+ , (37)
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where the factor (−2i) is from the reggeon propagator. The momentum factor for diagram 1 is
−2I2(k − p)L(p, q1) = iL(p, q1)
4k+
and for the diagram with exchanged reggeons is
−2I2(λ+ p− k)L(p, q3) = iL(p, q3)
4k+
.
The common color factor is
1
2Nc
f cb1aT b1T c = − i
4
T a .
2. The spinor factor for the projectile quark for diagram 2 from Fig. 9 is the same as (37). The
momentum factor for diagram 2 is
−2I2(k)L(p, q3) = iL(p, q3)
4k+
and for the diagram with exchanged reggeons is
−2I2(λ− k)L(p, q1) = iL(p, q1)
4k+
.
The common color factor is
1
2Nc
f cb1aT cT b1 =
i
4
T a .
3. The spinor factor for the projectile quark for diagram 3 from Fig. 9 is
iγ+
2
· (−2i) = γ+ . (38)
The momentum factor for diagram 3 is
q+2I2(q)B(p, q3, q1) = −iB(p, q3, q1)
4
and for the diagram with exchanged reggeons is
q+2I2(λ− q)B(p, q1, q3) = −iB(p, q1, q3)
4
.
The common color factor is −i
2Nc
f bb1dfdb1aT b =
i
2
T a .
From the relation q1⊥ + q3⊥ = 0 the identities
B(p, q1, q3) =
(p+ q1, ǫ⊥)
(p+ q1)2⊥
− (p+ q1 + q3, ǫ⊥)
(p+ q1 + q3)2⊥
= −L(p, q1) (39)
and B(p, q3, q1) = −L(p, q3) = −L(p,−q1) (40)
follow. As a result the total amplitude is found to be proportional to
− T
a
8
(L(p,−q1) + L(p, q1)) , (41)
where the contribution of diagrams 1,2 and analogous ones with exchanged reggeons cancels. Collecting
all factors we get for the diffractive amplitude
ig5(γ+ ⊗ γ−)T
a
4
∫
d2q1⊥
(2π)2
L(p, q1)
(q21⊥)
2
. (42)
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The cut line of the projectile quark with momentum k′ = k − (p + λ) contributes factor
2πδ((k − p− λ)2) = 2πδ(−k+λ−) = 2πδ(2kλ), (43)
so the correspondent contribution to F equals to just the squared modulus of the amplitude. The
color factor is
1
Nc
tr(
T a
4
T a
4
) =
N2c − 1
32Nc
, (44)
the spinor structure for the projectile quark is
1
2
∑
σ
u¯σ(k)γ+ · kˆ′ · γ+uσ(k) ≈ 4k2+ = 4s. (45)
One have to consider the two targets in the amplitude and its complex conjugated as different, so for
both target quarks we have
1
2
∑
σ
u¯σ(l)γ−uσ(l) =
1
2
tr(lˆγ−) = 2l− = 2
√
s . (46)
If we denote q2 the integration variable in the conjugated amplitude, we find the total diffractive
contribution as
F9 =
1
2
s2g10
N2c − 1
Nc
L(p, q1)L(p, q2), (47)
where the transverse integration (20) is implied.
4 Inclusive cross-sections
4.1 The total high-energy part F
Collecting all results one can observe essential cancellations between different contributions. Since
F2 + F5 = 0, F3 + F9 = 0, F4 + F6 = F8 , (48)
the total coefficient is
F = F1 + F7 + 2F8 = s
2g10
N2c − 1
Nc
[
B2(p, q2, q1)− L2(p, q2) + 2L(p, q2)B(p, q2, q1)
]
. (49)
Note that the obvious symetry of the transverse integral (20) with respect to the exchange q1⊥ ↔ q2⊥
is used when needed. Using the definition of vertices we get the relation
B(p, q2, q1) + L(p, q2) = L(p, q12) , where q12 = q1 + q2 , (50)
which allows us to simplify the expression
F = s2g10
N2c − 1
Nc
[
L2(p, q12)− 2L2(p, q2)
]
. (51)
To calculate the cross-section one have to sum over polarizations of the emitted gluon. Note that
the light-cone gauge ǫl = 0 (equivalent to ǫ+ = 0) was used in [11]-[14] and is implied in (6) and (7).
For this gauge the spin sum
∑
λ
ǫλµ(p)ǫ
λ
ν (p) = −gµν +
pµlν + pν lµ
(pl)
, (52)
turns to −gµν for purely transverse components. Then the contribution of the term L2(p, q) is
− 1
p2
⊥
− 1
(p+ q)2
⊥
+ 2
(p, p + q)⊥
p2
⊥
(p+ q)2
⊥
= − q
2
⊥
p2
⊥
(p+ q)2
⊥
, (53)
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so from (51) we get
F = −s2g10N
2
c − 1
Nc
[
q212⊥
p2
⊥
(p + q12)
2
⊥
− 2 q
2
2⊥
p2
⊥
(p + q2)
2
⊥
]
. (54)
The second term in the brackets depends on only q2. Such contributions involve the pomeron at zero
distance between the reggeized gluons and vanish. This brings us to the final result
F = −s2g10Nc q
2
12⊥
p2
⊥
(p− q12)2⊥
, (55)
where we change the sign of integration variables q1, q2 and pass to the large Nc limit to compare the
expression with one of the dipole picture.
Note that the same expression was obtained in [2] within the purely transverse picture assuming
the validity of the AGK rules for the relation of the diffractive, single cut and double cut contributions
as 1:-1:2. Our present derivation thus demonstrates the validity of these rules.
4.2 Impulse approximation
We define the inclusive cross-section as
J(p) =
(2π)2dσ
d2pdy
(56)
leaving the additional factor 1/4π for the diagram.
We start from the impulse approximation, in which
J
(1)
A = AJ (57)
and J is the cross-section on the nucleon (J
(1)
A corresponds to the cut diagram shown in Appendix 1 in
Fig. 11). As a diagram it carries momentum factor [4(kl)]2 and colour factor N3c . The cut couplings
to the projectile and target give two δ-functions
(2π)2δ(k+q−)δ(l−q+)
which allow to do the longitudinal integrations and produce factor 1/4(kl). Each emission vertex gives
2L(p, q) and we get
ImA = 2(kl)N3c
g6
4π
∫
d2q
(2π)2
L2(p, q)
q4
(additional 1/2 comes because we take the imaginary part and not twice it, the latter corresponding
to unitarity). Including factor 2g2Nc/4π into the BFKL interaction and dividing by s we find
J
(1)
A = N
2
c g
4αsNc
p2
∫
d2q
(2π)2
1
q4
q2
(p− q)2 , (58)
where p and q denote transverse momenta in the Euclidean metric that is with p2 ≥ 0.
To interpret this expression we note that
g2Nc
2q4
≡ P (0)y (q)
give the lowest approximation for the pomeron Py(q) attached to the target. A similar lowest order
pomeron attached to the projectile is
P
(0)
Y−y(p− q) =
g2Nc
2(p− q)4
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where Y is the overall rapidity ln s. So we can rewrite
J
(1)
A = A
4αsNc
p2
∫
d2q
(2π)2
(p− q)2P (0)Y−y(p− q)q2P (0)y (q) (59)
or in the coordinate space
J
(1)
A = A
4αsNc
p2
∫
d2reipr
(
∆P
(0)
Y−y(r)
)(
∆P (0)y (r)
)
. (60)
In higher orders we obtain
J
(1)
A = A
4αsNc
p2
∫
d2reipr
(
∆PY−y(r)
)(
∆Py(r)
)
(61)
which is the standard expression for the gluon emission from the BFKL ladder.
4.3 Double scattering
Now we have
J (2) =
1
s2
F
1
2
A(A− 1)
∫
d2bT 2A(b). (62)
Restoring the coefficients and transverse integration we have in the Euclidean metric
F = 4(kl)2N3c g
8αsNc
p2
∫
d2q1d
2q2
(2π)4
1
q41q
4
2
q212
(p− q12)2 . (63)
We interprete
g2Nc
2q41
= P (0)y (q1),
g2Nc
2q42
= P (0)y (q2)
and as before introduce
P
(0)
Y−y(p− q12) =
g2Nc
2(p − q12)4 .
Then we find
F = 2s2g2
4αsNc
p2
∫
d2q1d
2q2
(2π)4
q212(q12 − p)2P (0)Y−y(p− q12)P (0)y (q1)P (0)y (q2). (64)
We transform this expression to the coordinate space. Passing to integration variables q12 and q1
with q2 = q1 − q12 we have the integral over q1∫
d2q1
(2π)2
∫
d2r1d
2r2e
iq1r1+i(q1−q12)r2P (0)y (r1)P
(0)
y (r2) =
∫
d2reiq12rP (0)y (r)P
(0)
y (−r).
Multiplying this by q212 we get
−
∫
d2reiq12r∆
(
P (0)y (r)P
(0)
y (−r)
)
.
As a result
F = 2s2g2
4αsNc
p2
∫
d2q1d
2
(2π)2
d2rd2r′ei(p−q12)r
′
∆′P
(0)
Y−y(r
′)eiq12r∆
(
P (0)y (r)P
(0)
y (−r)
)
= s2g2
4αsNc
p2
∫
d2r
(
∆P
(0)
Y−y(r)
)
∆
(
P (0)y (r)P
(0)
y (−r)
)
.
Dividing by s2 we get the inclusive cross section
J
(2)
A = 2g
2 4αsNc
p2
ρ(2)
∫
d2r
(
∆P
(0)
Y−y(r)
)
∆
(
P (0)y (r)P
(0)
y (−r)
)
= g2
4αsNc
p2
A(A− 1)
∫
d2r
(
∆P
(0)
Y−y(r)
)
∆
(
P (0)y (r)P
(0)
y (−r)
)∫
d2bT 2A(b). (65)
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4.4 Comparison with the dipole picture
We have obtained in the lowest approximation the total contribution
JA = J
(1)
A + J
(2)
A =
4αsNc
p2
∫
d2b
∫
d2reipr
(
∆P
(0)
Y−y(r)
)
∆
[
P (0)y (r)TA(b) + g
2
(
P (0)y (r)TA(b)
)2]
. (66)
In the dipole picture the inclusive cross-section has the form ( [4] with some trivial redefinitions)
JA =
2αsNc
p2
∫
d2b
∫
d2reipr
(
∆QY−y(r)∆
[
2Ny(r, b)−N 2y (r, b)
]
(67)
where
Qy = − 1
g2
P (0)TA(b)
and N (r, b) is the solution of the Balitsky-Kovchegov equation [15, 16] with the initial condition
N (0)(r, b) = 1− eg2P (0)(r)TA(b) (68)
so that in the two lowest orders in g2 (evolution starts from terms of the order αsN 2 ∼ g6)
N (r, b) = −g2P (0)(r)TA(b)− g4
(
P (0)(r, b)TA(b)
)2
(69)
and
2N (0) −N 2 = −2g2
[
P (0)(r)TA(b) + g
2
(
P (0)(r, b)TA(b)
)2]
. (70)
One observes that in the lowest approximation the dipole cross-section (67) coincides with the one
found in our picture.
5 Conclusions
The main result of our paper is demonstration of the validity of the AGK rules for the inclusive gluon
production, namely that the diffractive, single and double cut contribution are related as 1 : −1 : 2.
Taking this into account we have found that in the lowest approximation the inclusive cross-section
found in the reggeized gluon technique is identical with the one obtained in the dipole picture. The
decisive instrument in this derivation has been the effective QCD action in the Regge kinematics [9].
As stated in the Introduction this is sufficient to establish equivalence of the dipole inclusive cross-
section with the one determined within the BFKL-Bartels picture in all orders provided the inclusive
cross-section is derived from the intermediate states present in the forward elastic scattering amplitude
in Fig. 1.
We have to note that precisely this derivation has been questioned in [3]. Its authors argue
that since the structure in Fig. 1 is obtained from Feynman diagrams with the use of the so-called
bootstrap relation, the inclusive cross-section found directly from Feynman diagrams may be different
from the one found from Fig. 1 because probably the bootstrap does not work for inclusive diagrams.
In other terms the inclusive cross-section may contain additional terms which do not change the total
cross-section (integrate to zero over the gluon momentum). According to [3] these additional terms
are to appear in the next-to-leading order in the inclusive cross-section. However direct calculation of
the next-to-leading order performed in [7] demonstrated that such terms do not appear and the cross-
section in the interacting reggeized gluon framework continues to coincide with the dipole picture.
This makes us believe that the procedure to seek the emitted intermediate gluon directly in Fig. 1 is
correct, so that the equivalence of both approaches is true.
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Figure 10: Electromagnetic form factor of the nucleus.
7 Appendix 1. Heavy nucleus in the Glauber approach
7.1 Relativistic ANA vertex and the nucleus wave function
To formulate the Glauber approach to collisions with a heavy nucleus in the diagrammatic technique
we first have to relate the relativistic ANA vertex Γ with the nucleus wave function. To this end we
study the baryonic form-factor of the nucleus illustrated in Fig. 10 where vertices Γ are shown with
blobs. In the lab. system and at zero momentum transfer it is equal to 2AM where M = A(m− ǫ) is
the nucleus mass. So we get the normalization condition
A
∫ A∏
j=2
d4lj
((2π)4i(m2 − l2j − i0)
2l10Γ
2(lj)
(m2 − l21 − i0)2
= 2AM . (71)
Here
∑A
1 lj = Al and A
2l2 = M2. For simplicity we neglect spins and consider all particles as scalar.
In the nucleus rest system we have l0 = m− ǫ, and l = 0, so that putting lj = l + λj , j = 2, ...A we
find
m2 − l2j = 2mǫ− 2mλj0 − λ2j⊥, m2 − l21 = 2mǫ+ 2m
A∑
2
λ0j − λ21⊥ ,
where we used the orders of magnitude λ0 ∼ ǫ, |λ⊥| ∼
√
mǫ. Integrations over λj0, j = 2, ...A
transform (71) into ( 1
2m(2π)3
)A−1 ∫ A∏
j=2
d3l2
Γ2(l2, ...lA)
(2Amǫ+
∑A
1 l
2
j )
2
= A . (72)
Comparing with the standard normalization of the nucleus wave function ψA(lj) we find the desired
relation
ψA(lj) =
1√
A
( 1
2m(2π)3
)(A−1)/2 Γ(lj)
2Amǫ+
∑A
1 lj
, (73)
which allows to relate the relativistic ANA vertex with the nucleus wave function in the momentum
space.
To see how this works consider scattering on the nucleus in the impulse approximation, Fig. 11.
The corresponding amplitude is given by
Aimp = AaN
∫ A∏
j=2
d4lj
(2π)4i(m2 − l2j − i0)
Γ2(l2, ...lA)
(m2 − l21 − i0)2
, (74)
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Figure 11: Scattering on the nucleus in the impulse approximation.
Figure 12: Double scattering on the nucleus.
where aN is the forward scattering amplitude off the nucleon. Using (71) we find that the integral is
equal to A and we get Aimp = A2aN . But the relativistic flux on the nucleus is A times that on the
proton, so that we get σA = AσN , as expected.
7.2 Double scattering on the nucleus
Now consider double scattering on the nucleus illustrated in Fig. 12. Now the amplitude is given by
A = A(A− 1)
∫ A∏
j=3
d4lj
(2π)4i(m2 − l2j − i0)
d4l2
(2π)4i
d4l′2
(2π)4i
H(l2z − l′2z)
× Γ(l2, l3, ...lA)
(m2 − l21 − i0)(m2 − l22 − i0)
Γ(l′2, l3, ...lA)
(m2 − l′12 − i0)(m2 − l′22 − i0)
. (75)
Here H is the high-energy part and it is taken into account that it can only depend on the z-component
of the transferred momentum, since it is the only of the spatial components which enters multiplied by
the high projectile momentum. Factor A(A − 1) combines factor 2 from two different ways in which
H can be coupled to the nucleus, corresponding to the change l′1 ↔ l′2 and the choice of the active
pair, which contributes (1/2)A(A − 1).
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Integrations over zero components of the nuclear momenta factorize and taking into account (73)
we get
A = A
2(A− 1
2m(2π)3
∫
d3l2d
3l′2
A∏
j=3
d3ljH(l2z − l′2z)ψA(l2, l3, ...lA)ψA(l′2, l3, ...lA) . (76)
We rewrite ∫
d3l2d
3l′2
A∏
j=3
d3ljH(l2z − l′2z)ψA(l2, l3, ...lA)ψA(l′2, l3, ...lA)
=
∫
d3l1d
3l′1d
3l2d
3l′2δ
3(l1 + l2 − l′1 − l′2)
A−1∏
j=3
d3ljψA(l1, l2, l3, ...lA−1)ψA(l
′
1, l
′
2, l3, ...lA−1)
=
∫
d3l1d
3l′1d
3l2d
3l′2δ
3(l1 + l2 − l′1 − l′2)ρ(l1, l2|l′1, l′2) ,
where now lA =
∑A−1
1 lj and (1/2)A(A − 1)ρA is the density matrix for the two active nucleons in
the nucleus with A nucleons. So the amplitude becomes
A = A
m(2π)3
∫
d3l1d
3l′1d
3l2d
3l′2δ
3(l1 + l2 − l′1 − l′2)ρA(l1, l2|l′1, l′2)H(l2z − l′2z) . (77)
To do the integrations over the transverse momenta we present
δ2⊥(l1 + l2 − l′1 − l′2) =
1
(2π)2
∫
d2be−ib(l1+l2−l
′
1−l
′
2)
and
ρA(l1, l2|l′1, l′ − 2) =
1
(2π)4
∫
d2b1d
2b2d
2b′1d
2b′2ρA(l1⊥, l1z ; l2⊥, l2z |l′1⊥, l′1zl′2⊥, l′2z)
e−ib1l1⊥−ib1l2⊥+ib
′
1l
′
1⊥+ib
′
2l
′
2⊥ .
Then after transversal integrations we get
A = A
2mπ
∫
dl1zdl
′
1zdl2zdl
′
2zδ(l1z + l2z − l′1z − l′2z)d2bH(l2z − l′2z)ρA(b, l1z ;b, l2z |b, l′1z ,b, l′2z) . (78)
Now we pass to spatial z components and introduce the z-component of the transferred momentum
λz = l2z − l′2z . Presenting∫
dl1zdl
′
1zdl2zdl
′
2zδ(l1z + l2z − l′1z − l′2z) =
∫
dl1zdl2zdλz
we finally find
A = A
2πm
∫
dz1dz2dλze
−iλz(z1−z2)H(λz)e
−iλzzρA(b, z1;b, z2|b, z1,b, z2) . (79)
The Glauber approximation follows if H(λz) has a singularity at λz = 0. Typically
ImH(λz) = 2πδ(2(kλ))F = F
π
k0
δ(λz). (80)
Here we use λ0 << |λz| and k0 = kz > 0. In this case we get the Glauber approximation for the
imaginary part of the double scattering amplitude
ImA = A
s
Fρ(2) (81)
23
Figure 13: Double elastic collision on the nucleus.
where
ρ(2) =
1
2
A(A− 1)
∫
d2bT 2A(b). (82)
Dividing by the flux As we get the total cross-section
σA =
1
s2
Fρ(2) . (83)
To see how this formula works consider again the simplest case of the double scattering corre-
sponding to double elastic collision shown in Fig. 13. In this case the direct and crossed diagrams in
Fig. 13 give
H(λz) = 2πiδ(2k0λz)a
2
N , (84)
so that F = ia2N and
A = iA
2(A− 1)
2s
a2N
∫
d2bT 2A(b). (85)
The flux is A times greater than off the nucleon. Dividing by As we find
σdoubleA =
1
2
A(A− 1)σ2N
∫
d2bT 2A(b) (86)
which is the standard expression for the double scattering in the Glauber approximation.
The same derivation remains valid for the inclusive cross-section with the obvious result
(2π)3dσA
d3p
=
1
s2
Fρ(2) (87)
where of course F refers to the diagrams with the external emitted gluon of momentum p.
8 Appendix 2. Inclusive cross-section from the BFKL chain
Consider the imaginary part D of the forward amplitude for quark-quark scattering with n real gluons
in the intermediate state corresponding to the diagram shown in Fig. 14, D. It is given by the square
modulus of the amplitude for the production of n gluons F shown in Fig. 14,F .
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Figure 14: Scattering amplitude D and production amplitude F with n real gluons.
Explicitly 2ImDn is given by the expression
2ImDn = g
2Nc
n+2
∫ n+1∏
i=0
dpi+
4πpi+
(2π)2δ(
n+1∑
i=0
pi+ − k+)δ(
n+1∑
i=0
pi+ − k+)
∫ n+1∏
i=1
d2qi⊥
(2π)2
|Fn|2 .
The production amplitude Fn is given by
Fn = 2s
1
t˜n+1
n∏
i=1
2L(pi, qi+1)
t˜i
,
where
1
t˜i
=
s
ω(ti)
i,i−1
ti
with ti = −|q2i | and L is the Lipatov vertex.
Apart from factor 1/(2π)2 associated with the transverse integration, each intermediate gluon
line carries factor g2Nc/π. Summing over polarizations with the factor 2g
2Nc/4π = 2αs converts
4L2(pi, qi+1) into the standard BFKL interaction
−V (−qi+1, qi+1| − qi+1 − p1, qi+1 + p) .
We are left with the additional factor 1/q4n+1 for the last reggeon and factors s
ω(ti) in all reggeon
propagators. Note that all factors q4i except the last are included in V ’s. We denote |Fn|2 = 4s2Tn
where Tn is just the expression which corresponds to the purely transverse picture.
The imaginary part of the amplitude D takes the form
2ImDn =
(g2Nc
4π
)2
(2π)24s2
∫ n+1∏
i=0
dpi+
pi+
δ(
n+1∑
i=0
pi+ − k+)δ(
n+1∑
i=0
pi+ − k+)TD ≡ (g2Ncs)2LnTn ,
where Ln is the longitudinal part
Ln =
∫ n+1∏
i=0
dpi+
pi+
δ(
n+1∑
i=0
pi+ − k+)δ(
n+1∑
i=0
pi+ − k+).
In the Regge kinematics
p0+ >> p1+ >>> .... >> pn+ >> pn+1,+
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we can transform the δ-functions into
δ(p0+ − k+)δ(pn+1,− − l−)
and do the integrations over p0+ and pn+1,−. We obtain
Ln = 2
s
∫ n∏
i=1
dpi+
pi+
. (88)
Next step is to transform the remaining longitudinal phase volume to the variables introduced by
Lipatov si,i−1 = 2pi−pi−1,+ to do the integrations by means of the two δ-functions.
We arrange integrations as∫
dτn ≡
∫
dp1,−
p1,−
∫
dp2,−
p2,−
∫
...
∫
dpn,−
pn,−
.
Then we rewrite the integral as∫
dτn =
∫
d(2p0+p1−)
2p0+p1+
∫
d(2p1+p2−)
2p1+p2−
...
∫
d(2pn−1,+pn,−)
2pn−1,+pn,−
=
∫ ∏n
i=1 dsi,i−1∏n
i=1 si,i−1
.
Now we use
n+1∏
i=1
si,i−1 = s
n∏
i=1
|pi⊥|2
and ∫
dsn+1,nδ(
n+1∏
i=1
si,i−1 − s
n∏
i=1
|pi⊥|2) = 1∏n
i=1 si,i−1
to write the final expression for (88) in the Lipatov form
Ln = 2
s
∫ n+1∏
i=1
dsi,i−1δ(
n+1∏
i=1
si,i−1 − s
n∏
i=1
|pi⊥|2) . (89)
So we find
2ImDn = 2s(g
2Nc)
2Tn
∫ n+1∏
i=1
dsi,i−1δ(
n+1∏
i=1
si,i−1 − s
n∏
i=1
|pi⊥|2) . (90)
To pass to the inclusive cross-section we select some particular gluon with momentum pm, 1 ≤
m ≤ n, and split the integrands in both Tn and Ln in two parts above and below the selected real
gluon. For the transverse part it is trivial
Tn(q1, ..qn) =
∫
d2qm
(2π)2
d2qm+1
(2π)2
Tm−1(q1, ...qm−1)q
4
mV (−qm+1qm+1| − qm, qm)Tn−m(qm+1, ...qn) ,
where qm+1 = qm − p. Factor q4m eliminates the redundant denominator 1/q4m which is contained in
both Tm and V . To factorize the longitudinal part we use
δ(
n+1∏
i=1
i, i− 1− s
n∏
i=1
|pi⊥|2)
=
∫
ds1ds2δ(s1s2 − s|pm|2)δ(
m∏
i=1
si,i−1 − s1
m−1∏
i=1
|pi⊥|2)δ(
n+1∏
i=m+1
si,i−1 − s
n∏
i=m+1
|pi⊥|2).
As a result we present 2ImDn in the factorized form
2ImDn = 2s(g
2Nc)
2
∫
ds1ds2(s1s2 − sp2m)
d2qm
(2π)2
d2qm+1
(2π)2
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[
q4mTm−1(q1, ...qm−1)
∫ m∏
i=1
dsi,i−1δ(
m∏
i=1
si,i−1 − s1
m−1∏
i=1
|pi⊥|2)
]
[
− V (−qm+1qm+1| − qm+1 − pm, qm+1 + p)
]
[
Tn−m(qm+1, ...qn)
∫ n+1∏
i=m+1
dsi,i−1δ(
n+1∏
i=m+1
si,i−1 − s
n∏
i=m+1
|pi⊥|2)
]
.
Fixing pm = p and summing over both m and n we finally find
2ImDn = −2s(g2Nc)2
∫
ds1ds2(s1s2 − sp2m)
d2p
(2π)2
d2q
(2π)2
Ps1(p+ q)q
4Ps2(q)V (−q, q| − q − p, q + p) ,
where
Ps1(p+ q) = g
2Nc
∑
m
[
Tm−1(q1, ...qm−1)
∫ m∏
i=1
dsi,i−1δ(
m∏
i=1
si,i−1 − s1
m−1∏
i=1
|pi⊥|2)
]
(91)
with qm = p + q has the meaning of the pomeron with energy
√
s1 attached to the projectile and
similarly Ps2(q) is the pomeron attached to the target.
The inclusive cross-section will be given by
(2π)2dσ
d2pdy
= −
∫
d2q
(2π)2
V (−q, q| − q − p, q + p)(p+ q)4PY−y(p+ q)Py(q) ,
or using the explicit expression for the BFKL interaction
(2π)2dσ
d2pdy
=
4αsNc
p2
∫
d2q
(2π)2
PY−y(p+ q)q
2(p + q)2Py(q) (92)
which is the standard expression.
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